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Abstract-Direct boundary element formulations arc presented for the e1astostatic analysis of two
and three-dimensional general anisotropic media subject to known temperature distributions. The
thermal elfects are incorporated in the analysis through a volume integral or alternatively. using
particular integrals. A multi-region boundary e1cment approach is adopted. in which particular
integrals are derived assuming a quadr;Itic temperature distribution in each sub-region, t\ multiple
regression scheme is used for the hest tit quadratic temperature distrioution in each suo-region for
temperature data given ;1\ discrete points, The multi-region ;malysis cap;,oility of the numeric;,1
implementation enhances its capacity to model discontinuous temperature fields as well as piL"Cewise
homogeneous media. such as laminated composites, The formulations presented arc incorporated
in a general purpllSe system and arc illustrated with e,amples.

INTROI>UCnON

In the most commonly applied um:oupled quasistatic thermoelastic theory, the spatial
derivatives of temperature enter the Navier equations of e1astostatics with the same elrect
of an applied body force field. In the context of the conventional direct boundary element
formulation, this thermal body force amounts to an additional volume integral (Rizzo and
Shippy. 1977). In an alternative approach. the boundary element formulation is stated in
terms of complementary solutions of the Navier equations by choosing arbitrary particular
integrals. and the above-stated volume integrals warranting volume (domain) discretization
can be avoided (Henry and Banerjee, 1995). Until now, the application of the boundary
element method (BEM) to problems of thermal stress analysis have been restricted solely
to isotropic media. In the present exposition. the BEM is applied to the thermal stress
analysis of anisotropic media of the most general form for the first time. Both the volume
integration and the particular integral-based approaches are considered. In the latter for
mulation, the derivation of the particular integrals for the exact modeling of a quadratic
temperature distribution is presented. It is of relevance to point out in this context that
particular integrals need to be chosen judiciously for competent results. For modeling of
an arbitrary temperature distribution given at discrete points, the problem domain may be
divided into substructured regions and a quadratic temperature field can be obtained
for each sub-region through a multiple regression analysis. The present formulations are
incorporated in a general purpose code using second-order isoparametric boundary
elements (and volume cells). Numerical examples are presented to illustrate the suitability
of these formulations.

A~ISOTRorICTlIERMOELASTICITY

The relevant equations (Now~lcki. 1986). in the absence of mechanical body forces. for
three-dimensional. uncoupled. quasistatic thermoelasticity for an anisotropic medium in
terms of net temperature T(x) and displacement field lIk(X) arc:

).,jT"j+ W = 0

17~1

(I)



1722 A.. Dlell <,I <.1/

C,!/,/lI,i,-{f"T,=O (i.j.I\.1 1.2.3)

where i." are the thermal conductivities. W is a distributed heat source. ('"I.I are the stiffness
codficients and p" = :Xkl(',/kl' :Xkl being the coefficients of linear thermal expansion. For
general anisotropy. there are 21 independent stiffness coefficients eilkl and six independent
thermal coefficients :X,!, For a problem with well-defined boundary conditions. eqns (I) and
(2) bear a cause-and-effect relationship since the solution of eqn (I) provides the necessary
body force type input - P" T. j in the Navier eqn (2). Our interest here lies in solving the
thermal stress analysis problem represented by (2) by the direct boundary element method.
assuming that the task of solving the causal problem of heat conduction (I) has already
been carried out. It is noted that for the case of two-dimensional heat conduction with
plane strain elasticity. the highest degree ofanisotropy permissible corresponds to a material
with a plane of symmetry (Lekhnitskii. 1968). For such a material. there are 13 independent
elastic constants ('"k{ and four independent thermal coefficients :x" (Lekhnitskii. 1968; Pado
van. 1986). Thus for the case of pl.me strain. the last of the eqns (2) is identically satisfied
and the thermal stress analysis problem will be redl1l:ed to solving two second-order sim
ultaneous differential equations corresponding to i. j. k. I = I and 2. The case of plane
stress is obtained from the plane strain analysis by replacing the material stiffness ('"I.I and
cocllicients of thermal expansion :x" by the corresponding reduced quantities obtained
by incorporating the assumptions of generalized plane stress in the Duhamel-- Neumann
constitutive relations.

CONVENTIONAL DIRECT BOUNDARY ELEMENT FORMULATION

By treating the quantity ~ /1,,1'., in eqn (2) as a body force. the following direct boundary
integral equation can he written. using the notation of Banerjee and Butterfield (19S I):

C,,(~)lI,(~) =: r. [(jJ\;.~)f,(X)-F,/X.~)II,(x)lds(\;)+ r lJ'A/x.~)fI'AT(x)lk(x)
J~ Jv

(i,j. k = I. 2. in 2D; = I. 2. .J in 3D) (3)

where G,I ( x, ~) are Green's functions or displacement kernels;
J~J(x. ~) are traction kernels derived using G,I ( x. ~);

C,,( ~) = ii,} (Kronecker delta) It)r interior points and is dependent on surface geometry
at ~ for boundary points

(3.1 )

When'; is a point on the boundary. the integrals containing the kernels G,j and H,k} arc
weakly singular and exist in their normal sense. while the integral containing the kernel F"
is strongly singular and exists in the sense of its Cauchy principal value together with a free
term that is ahsorbed on the left-hand side. The Green's functions G" in eqn (3) arc
fundamental solutions of the corresponding Navicr eqtl<ltions of anisotropic elastostatics
for two and three dimensions and arc described below.

For the two-dimensional case (Snyder and Cruse. 1975). the fundamental solutions
arc given by the following closed forms:

(4)

where the quantities on the right of rel.Ilion (4) arc defined below [cqns (4.\) through (4.7)].
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The complex constants Akl are given as follows:

In3

(4.1)

The complex quantities Jlk (k = \, 2), together with the conjugates iik (k = I, 2), are
the roots of the following fourth-order characteristic equation in terms of reduced stiffness
coefficients b,} [eqn (13)]:

(4.2)

It is assumed above that the Jlk are the roots of eqn (4.2) with positive imaginary parts.
The complex constants Bkl are solutions of the following eqns (4.3)-(4.6):

A I I B,I - ,:; I I B,I + A I ~ B, ~ - .4 I ~ 8, ~ = 0

A ~ I 8, I - ..I ~ I B, 1 + A ~ ~ B, ~ - 1'1 ~ ~ iJ, ~ =0

[j = 1,2 in equations (4.3) (4.6»).
The complex variahles Zk (k = 1.2) arc dclined as

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

The traclion kernel F,,( ..... ~) in cqn (3) is ohtained hy suitahle dillcrcntiations of G,,(X, 0
and .tppropriatc applications of the constitutive relations and the Cauchy equilibrium
equations on the boundary.

In previous applications of the boundary element method for general anisotropy in
three dimensions, Vogel and Rizzo (1973) and Wilson and Cruse (1978) used Green's
functions in the following form (Synge, 1957):

G,,( ..... ~) = 0 ~II. =1 A: K,~'(t)ds. (i.j= 1.2.3)
on: .... -<., 11-1 (5)

where the line integral is taken on the unit circle in the plane normal to the vector (x - e)
and passing through x. and the function

(5.1 )

Since it is not possible to evaluate the line integral of eqn (5) in closed form for the
general case, numerical integration was employed. The boundary element procedure based
on the above numerically-computed Green's functions proved to be extremely time con
suming despite improvements in which interpolation schemes are used to avoid actually
using relationship (5) at every Gauss point (Wilson and Cruse, 1978). A more efficient
approach is adopted in the prescnt work in which the Green's functions are calculated at
the grid points and bivariate cubic spline functions are then fitted through these points for
the purpose of interpolation. The Green functions adopted in the present work can be
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expressed in terms of spherical coordinates as:

I 6

G,/(r. 8. <p) == - 4-- 2: Sign (Re(v»'I,(v)'Ij(v). (i.J == I. 2. 3)
rrr ,.1

(6)

where. in the real variable formulation. the v and 'I(v) are the eigenvalues and eigenvectors
of a 6 x 6 real matrix (Malen. 1971). The eigenvalues and eigenvectors occur as complex
conjugates. The <P derivative of Grj can be expressed as

(i.j == I. 2. 3) (7)

with a similar e:<pression for G,I,II. These derivatives are required for the computation of
the traction kernels F,j' For the purpose of calculating interior stresses and strains. the
necessary second derivatives have also been developed.

The boundary element implementation of eqn (3) entails not only boundary discreti·
zation. but also discretization of the domain. Quadratic isoparametric elements are chosen
to this end for both two- and three-dimensional analyses. The solution of the boundary
value problem is carried out in a standard way (Cruse. 1973. 1974; Laehat and Watson.
1976; Watson. 1{}79: Banerjee and Butterfield. 1981) with the volume integral in eqn (3)
making an additional contribution to the right-hand side vector in the system equations.

INTERIOR STRESS CALCULATION BY VOLUME INTEGRATION

The intcgral cquation for strain at an interior point is found analytiealIy oy suostituting
eqn (3) (with ('" == I},) into the straindisplaccmcnt relations. where dillcrentiation is with
rcspc«.:t to thc field point ~ :

/:'/(~) == i [G1,,(x. ~ )td x) - n,(x. ~)/lk (x)] d.v(x) + i U"Ii,(X. ~ )fluT(x) dl'(x)+ Jkli,Ilu T(~).
(8)

By introdudng the above equation into the Duhamel-Neumann constitutive relation by
linear thermal expansion (viz. aij == cijktl./rI-/I'iT), the stress integral equation is derived:

aij(~) == 1. [Gkij(X. ~)tdx)- f':,j(x. ~)uk(x)l ds(x) + Iv Skuj(x, ~)fJk/T(x) dv(x)+JkliJJkJ T(~).
(9)

The volume integrals in eqns (8) and (9) are strongly singular and are to be interpreted in
the Cauchy principal value sense with free terms containing J'kJij and JkJij • An accurate
numerical integration of these volume integrals over a singular point is difficult (Banerjee
and Raveendra. 1986). Nevertheless. for an interior point coinciding with a cell node. the
singular coefficients may be evaluated indirectly by the initial stress expansion technique
(Banerjee et a/., 1989). The operation is analogous to the rigid body technique (Rizzo and
Shippy. 1968: Watson. 1979; Banerjee and Butterfield. 1981) which employs a rigid body
solution for the indirect calculation of the singular coefficient of the Fij kernel of the
boundary displacement integral equation. In the prescnt case, an anisotropic body is
subjected to a uniform initial stress and is free to expand, resulting in a stress-free state of
stress through the body. The resulting displacement is linear and is determined analytically.
After the coetlicients of the Bklil kernel related to the non-singular nodes are determined by
numerical integration. the coefficients corresponding to the singular node are found by
imposing the solution for a uniform initial stress state on the boundary integral stress
equation.
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To clarify this point. let eqn (9) be written in matrix fonn for an interior point which
is a cell node as follows:

(10)

where it has been assumed that aO is the nodal vector corresponding to the initial stress O'~

defined as

(10.1)

and J;UI associated with the free tenn has been absorbed in B"'.
In order to compute the singular coefficients ofB'" in eqn (10) corresponding to singular

nodes. six independent admissible initial stress states (or three in two dimensions) are
considered for the evaluation of six (or three) "singular node" coefficients in each equation.
These initial stress states do not give rise to any stresses in the elastic continuum and in
effect correspond to states of free thermal expansion. Thus. for the chosen initial stress
states. eqn (10) becomes

( II )

With the substitution of each independent initial stress state and corresponding dis
placements. one singular coellicient per equation in matrix IJ" can he accurately evaluated.
The initial stress states ~lOd the resulting displacement fields arc given in Tables I and 2.
The compliance coellicients hi' appearing in the displm:ement fields arc actual material
properties for 3D and ~lre ~lppropriate reduced or elft:ctive properties (Lekhnitskii. I96R)
for 2D (plane stress/strain condition). Implicit in the foregoing shltement arc the following
l<lrms of the Duhamel Neumann constitutive relation relating engineering strains to
stresses:

l<lr 3D,

1: 11 h ll hi! h l3 h lot hiS h lh 0'11 ell I

~; 11 h!! h!J b H h1S bu. (122 'X 1~

I: .1J bn bH hJS h Jh O'lJ elH
T (12)= +

723 symmetric botot bots both 0'13 elH

i'l.l hss b Sh O'IJ ellJ

Y11 b66 0'11 ell1

for 20.

( 13)

Table I. Stress stat~'S for initi'lt stress exp;lOsi()n technique in two-dimension..t pl;,"e str..in 'plane stress) analysis

Element to Nod..! values of assumed stress st..te
be determin~"C!

Stress state corresponds to a~1 a~: a~: ", ",
t (1" I 0 0 b"x,+ lb,,,~, b",~,+ Ib'''~1II

2 t1~ .. 0 1 0 b"x,+ Jb,..~, b"x,+ Ib'''~1
3 tTl. ~ 0 0 1 b, ..~,+!b...~, b,..~,+ !b...~,"



Tabl.: 2, Stress stale for initial stress expansion Icxhnique in three-dimensional analysis

~--'
,~

:7'

Element to Sodal values of assumed stress state
Stress ~ determined ----------

state corresponds to (J~ I lJ~~ (J~) a~l o~) a~!
~u. liz II,

~--~. - ._--,----- '='m
I U~I I 0 0 0 0 0 bll.\"IT !bl6-l1+ ~b,~l:J !bll,-'"I +b'2.\"2 + ~hl~X} jh"x. + jhl~_\ 1+ b. )x_, lie

~

:! a~2 0 I 0 0 0 0 bI1.\",+!bz6-lz+ !b/;.l:J !bZ".\I+bZ1.\"Z+ jbz~x} Ih 2,x,+ !h HX2+ hU.\") ...
3 a~) 0 0 I 0 0 0 b"XI+)b)".l2+ !bl,x j ~bJ"'\1 +h)2-'-2+ !hHXl !h J>'\" + Ih u -\2 + h, 1-\ 1

I::.
:-

4 o~) 0 0 0 I 0 0 b I ~X 1 + !b ~6-l1 + !b ~ ,x l !b4 6-l l +bH-"z+ !bH.\l ~b~;-"I+ Ihu -\-2+ h u-'"'
5 (J~ ) 0 0 0 0 I 0 b l ,XI + !bS6ol1+ ~bS,.l) ~b S6o'" , + h 2;'\' 2+ ~hH'\"l jh,,-," I + ~h~,-" 2+ h lj.\" J
6 (J~2 0 0 0 0 0 I blrr\1 + Ib...\z+ !bs...\-I lh.6-l l +h26-\2+ lh~.xl Ihsbx 1+ lh~b-\' 2 + h I. \',
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DIRECT BOUNDARY ELEMENT FORMULATION USING PARTICULAR INTEGRALS

In order to use the boundary element method for solving problems involving body
forces without recourse to time-consuming volume integration. the method of particular
integrals for solving inhomogeneous differential equations has been applied (Jaswon and
Maiti. 1968: Pape and Banerjee. 1987). In the context of thermal stress analysis of an
isotropic medium by the direct boundary element method. a particular integral-based
approach was used first by Henry and Banerjee (1988). A similar approach has been
followed here for the case of general anisotropy on a plane and in three dimensions. The
essence of the approach lies in transforming the linear. inhomogeneous differential equation
(2) into a homogeneous form by assuming that the displacement field II, can be expressed
as the sum of a complementary function. II~. and an arbitrary particular integral. IIr. Thus.
we have the following relations in sequence:

II, = II~ + IIf ( 14)

( 15)

(16)

The boundary integral statement for eqn (16) is similar to eqn (3) without the volume
integra\. In the discretized form of the boundary integral equations. the complementary
functions (i.e. displacements II~ and tractions I~') arc replaced by the corresponding total
functions (II, and I,) minus the particular integrals (IIr and In. The linear system ofequations
prior to the application of the boundary conditions may thus be written using matrix
notation as (pape and Ranerjee. 19X7):

Gt- Fii = (iji' - Fii P• ( 17)

Nodal values of the particular integral for displacements and tractions are substituted
in eqn (17) and the system can then be solved for a set of well-posed boundary conditions.
The particular integrals which must satisfy eqn (15) are non-unique. This non-uniqueness
of the particular integrals. however. does not imply a loss of uniqueness in the total solution
since the complementary fum;tion will adjust for different particular integrals yielding a
unique total solution for the applied boundary conditions. Nevertheless. certain p'lrticular
integrals arc numerically more stable than others in the boundary element implementation.
As a general guideline for polynomial-type body forces. the particular integrals for stresses
satisfying equilibrium and compatibility conditions should be complete polynomials of an
order higher than the applied body force.

The particular integrals derived in the present work assume a quadratic temperature
distribution. For an arbitrary temperature distribution given at discrete points. the best
quadratic fit in the least-squares error sense is generated through a multiple regression
analysis. Since the applied temperatures are modeled region by region. it is possible to
account for temperature discontinuities across an interface of two or more regions. The
application of the present particular integral-based approach is thus quite general and the
accuracy of the results is governed solely by the degree of approximation in the modeling
of the temperature field.

An orderly procedure will now be outlined leading to the particular integrals due to a
quadratic temperature distribution in the two-dimensional case. An analogous procedure
of derivation may be followed for the three-dimensional analysis.

Let us start with assuming the temperature distribution on the plane to be

( 18)

where the coefficients I Q. t" .... t ~~ are obtained by a multiple regression analysis from
temperature data given at discrete points across a sub-region.
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Upon inspection of the governing equations, quadratic polynomials are assumed for
the particular integrals for stress. The most suitable forms of particular integrals were found
to be:

(19.1 )

(19.2)

( 19.3)

where the II unknown coefficients need to be determined non-trivially. The particular
integrals (19.1)-( 19.3) should satisfy the following equations of equilibrium:

(20.1 )

(20.2)

Upon substituting relations (19.1}-(19.3) in eqns (20.1)-(20.2), we get the following six
homogeneous relations in the II unknown stress coeflicients:

rl+rM=O (21 )

2r~ +rl o = 0 (22)

rJ +2r ll = 0 (23)

r,+r~=O (24)

2r., +r5 = 0 (25)

riO + 2r,. = O. (26)

To obtain the live additional equations for a solution of r, (i = I-II). the Duhamel
Neumann stress-strain relations (13) will be applied in conjunction with the strain-dis
placement relations of linear two-dimensional elasticity.

Incorporating the linear strain-<iisplacement relations, the Duhamel-Neumann consti
tutive relation (13) becomes

/;11 = UI,I = b11O'11 +bI2O'~~ +hI60'1~ +:XII T

/;I~ = Uu = bl~O'II +b210'~2+b~60'12+:X12T

YI~ = UU+U~.I = bI60'11+h~60'22+b660'12+:X'2T.

(27.1 )

(27.2)

(27.3)

On substituting the stresses (19.1)-(19.3) and the temperature field (18) in eqns (27.1)
(27.3) above. we have

where

II~.I = pV' +P'tI)XI +PSI'X2 +plI1t':d +p(,'lx,x~ +pS'!.x~

1I~.2 = p~~' +P't2'XI +i/)X2 +p't2t':d +p(,21x,x~ +pi21x~

IIt2 + II~.I = p~6) +plt'XI +pS6)X~ +p't6t'xr +p\61xlx~ +pS61x~

pel'} = h,lr, +hi6r,+:X,j(1

I'~' = h,~r~+h'6rs+:X,,t~

(28.1 )

(28.2)

(28.3)

(29.1 )

(29.2)

(29.3)
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pIt: = bilr2+b'6r9+~iltll

it~ = bilrJ+b,:r5+b'6rIO+~,;tI2

(29.4)

(29.5)

(29.6)

In relations (::!9.1 }-(29.6) above. i = I. 2 and 6. b,; = b,;and :%66 = :x 12.
Integration of eqn (28.1) with respect to XI and of eqn (28.2) with respect to X2 yields

the following expressions for the displacements:

1I~ = P~IlXI + ~p\llx~ +P~I)X,X2 +1P\\'X? + ~pWXrX2 +p~lixIX~ +II (X2)

/I~ = P\I:IX: + !p~:IX~ +p\21XIX: + ~p~:r\'~ + !P\~XIX~ +p(l:ix~x: + I:(xd

(30,1)

(30.2)

where 'I(X:> and 1:(.'(,) are constants of integration.
Substituting expressions given by (30.1) and (30.2) in eqn (28.3) and rearranging. we

obtain:

(p~l) - p\6)XI + (p(,21_ p~61)X: + <!pl,ll- pfti)X~+(2pW + 2p\2,1_ p(tJ)x, X:

+Op\21-pW)x~+Iu+I2.I-p~6) = O. (31)

For relation (31) to be an identity. we must have:

(32)

(33)

(34)

(35)

(36)

(37)

Equation (37) above can be satisfied if II and '2 arc chosen to be the following:

(38.1 )

(38.2)

Using relations (29.1 )-(29.6) in eqns (32H36). we get five additional equations for the
unknown stress coefficients r , (i = I-II). Together with the six equations (21 )-(26). we thus
have II equations for solving II quantities r,. It may be noted that the coefficients r,• being
dependent on the clastic and thermal properties of the given material and the nature of the
applied temperature distribution. are evaluated only once for each region. Once the r,
coellicients arc computed, the displacement particular integrals. 1I~. arc given by relations
(30,1) and (30.2), and the traction particular integrals. t~. by the following combinations of
stresses .Issumed initially in relations (19.1)-( 19.3) :

(39.1)

(39.2)

where nl and n2 are Cartesian components of the unit boundary normal.
The systematic procedure outlined above by relations (19.1) through (39.2) can easily

be extended to the derivation of three-dimensional particular integrals and will not be
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repeated here. We indicate below only the assumed temperature distribution T(XI, X~, xJ)
and the forms of stress-particular integrals O"~:

O"~I = rlXI +r:xi+rJxlxl+r~xlx~ (41.1)

O"~~ = r,x~ +rhx~ +r,x~xl +rxxlx~ (41.2)

0"~.1 = r"xl+rlll.d+rllx~xJ+rl~xlx3 (41.3)

0"~.1 = r l JX~ +rl~xJ +r15x~+rlhx~ +rl1X~Xl +rl XXlx3 +rlqxlx: (41.4)

0"1', = r:ox i +r:lxJ+r::xi+r~Jxj+r24x:x3+rZ5xlx3+rZ6xlxZ (41.5)

(1~: = r:1'\·1 +r:xx: +r:qxT +r.IOX~ + r.1I X:X3 +r3:x,x, +rHxIX:' (41.6)

NUMERICAL EXAMPLES

Cot/strait/cd composite plate wit/a discontitlllOliS tempcratllrc field
Two plates of dimensions I x d are bonded together by a weld of thickness p, as shown

in Fig. I. Region (2) is raised to a temperature Til while regions (I) and (3) are held constant
at the initial temperature. Under a condition of plane stress, the reduced compliance
cocllicients lJ I I. B I" lJ:: and 8 h1, arc used for regions (I) and (.3), and h II, hi:, h z: and hM,
arc used for region (2). Furthermore. let the reduced thermal coellicients of linear expansion
of region (1) be denoted as ~ I I, ::c:: and :x I z. If all edges of the pl<lte A FG D <Ire supported
on rollers to restrain movement in .1 direction normal to each edge. it may be shown that
the following clastic solutions hold (assuming the origin of the coordinate system to be at
A, with axis XI p<lralld to side AF):

tTl I (41.1 )

(O,d)
D

(I,d) (I+p,d)
CMH

+ Element edge

o Mid-paint (21+p,d)
G

R

(2)

(1) P 0 (3) +I

.

5

..t
(0,0)

B NE
(1,0) (I +p,O)

F
(21 + P.O)

Fig. I. ThrL'C·region boundary clement model of composite plate.
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o~ X I < I. 1+P < X I ~ 21+p:

BI~
(1,,=--(111

-- B~2

l<xI <I+p:

I+p ~ XI ~ 2/+p:

1731

(42.2)

(42.3)

(42.4)

(42.5)

(42.6)

(42.7)

u! = o. (42.8)

This problem was solved using the particuhtr integral-based boundary clement formulation.
The following data were used:

B
"

= 0.763. Bn = 7.692. BI~ = -0.290

hll = 1.6. h!l = 1.3. h ll = -0.5

IXII = 0.001. lXu = 0.0015. IXI! = 0.0

, = 50, P = 5. cI = 50

To = 100.

(43.1)

(43.2)

(43.3)

(43.4)

(43.5)

A three-region boundary element mesh employing three-noded quadratic elements is shown
in Fig. I. As shown in Table 3. the results obtained from the boundary element analysis
are in excellent agreement with the analytical solutions given by relations {42.1 }-(42.8).

Table 3. Comparison of BEM results with analytical solutions for a composite pl;lle

Point 0'1\ 0' :: II,

x, x: BEM Analytical BEM Analytical REM Analytical

25. 25 -0.0096 -0.0096 -0.00036 -0.00036 -0.1804 -0.1802
52.5 25 -0.0096 -0.0096 -0.1192 -0.1191 0.0000 0
80 25 -0.0096 -0.0096 -0.00036 -0.00036 0.1804 0.1802
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Freely expanding composite plate under discontinuous temperature field
From the plate considered in the previous example. the geometric constraints are

removed to allow it to deform freely. and the particular integral-based boundary element
analysis is carried out. Rigid body movements are prevented by fixing point R (Fig. I) in
both the x l - and x:- directions. and fixing point S (Fig. I) in the x:-direction only. The
deformed shape of the plate analyzed using the boundary element mesh in Fig. I is shown
in Fig. 2. As the weld expands. regions (I) and (3) are subject to compression in the x,
direction and mild tension in the x:-direction. while region (2) is subject to compression in
both the x 1- and x :-directions. The variation of stresses 0" I I and 0":: along the mid-section
parallel to the x ,-direction is shown in Fig. 3. [Point P represents the position of the interface
between regions (I) and (3).] Stresses are plotted for one half of the plate (from R to 0 in
Fig. I). The dominant stress 0":: is shown in Fig. 4 through the mid-section MN parallel to
the x :-direction. The effect of changing the specially orthotropic properties to general
orthotropy has also been studied. In the material property data in (43.1)--(43.3). the major
principal axis is assumed to be parallel to the XI-direction (0 = 0'). The major principal
axes in regions (I) and (3) are gradually rotated counterclockwise to a position 90 to the
XI-direction (0 = 90). The variations of stresses with respect to the orientation of the
principal material direction at an interfacial point P are shown in Fig. 5. As expected. there
is a relaxation of (T II at P because of weakening of regions (I) and (3) in the x I-direction.
and a simultaneous build-up of {1zz both to the kft and the right of P. The shear stress {1IZ
(Fig. 5) vanishes in the initial and final specially orthotropie positions. and reaches a
maximum value in between these positions.

It-fltlti-laya calltilaa tIlte/a linear temperature e/i.l'trihwitln
A three-layer anisotropic cantikver is analyzed for a linear temperature distribution

through the thick ness by the two-dimensional (plane stress) particular integral-based bound
ary element formulation. Eadl orthotropic layer is modeled as a substructured region in
the boundary element analysis. A typical boundary element mesh with 24 quadratic elements
per region is shown in Fig. 6. Regions A BQP and RSCD an: assigned elastic properties
identical to those in regions (I) and (3) in the first exampk. In addition. the following
eoellicients of linear thermal expansion arc assumed:

CL II = 0.00 I. CLzZ == 0.002. CL, Z == 0.0. (44.1 )

The elastic and thermal properties of the region PQSR are identical to those of the

----- Initial configuratton

Deformed configuration

Fig. 2. Thermally loaded comrnsit~ plate undergoing rree expansion.
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weld [region (2)] in the first example. With the XI- and x2-axes oriented along the sides AD
and AD. respectively (Fig. 6). the following temperature distribution is assigned:

(44.2)

In general. it is also assumed that the major principal axes in the bottom and top layers
ABQP and RSCD arc oriented at O'-clockwise and (}'-counterclockwise respectively with
respect to the xI-direction; the middle layer is. however. specially orthotropic with the
major principal axis aligned parallel to the xI-axis.

In Fig. 7. the results of the convergence study of the free-end deflection with respect
to the number of clements per region are presented for three different cases of fiber

M
5<J.00 1"""::0---------------------------,

4<J.00

Co.
-.:

" 3<J.00
-::
'i3

=
~
"u 20.005

.:9
0

la.OO

.00 1..o::::~ ....J.. ~~---~~--__::::=---~

N.ooa -.aL0 -.020 -.03a -.a40 -.asa -.rasa
0'22

Fig. 4. Variation of Un along the mid-section MN.

SAS 27:13-[
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Fig. 5. Variations I,f absolute values of stresses with tiller Ilrientation.

orientation (II = 0 ., 45' and 90) and distinct patterns of convergence arc ohserved. The
clrcct of liher orientation on the free-end deflection (i.e. overall beam stitrness) is shown in
Fig. X, where a rather ahrupt loosening of the cantilever stifrness is noticed for an orientation
roughly given hy II = 45 . In Fig. 9 (where the dotted lines represent the inter-layer bound
aries), mid-span through-the-depth hending stresses are presented for II = 45 and 90 . The
bending stresses for (} = 0' are negligible as compared to those for () = 45' and 90' and
hence are not shown. It is of interest to note that bending stresses vary in a piecewise linear
fashion through the depth as would normally be predicted hy a laminate-heam theory.

Comparisol/ hCIII'('CII 1m allisolropic cllhc alit! a sqllare plalc lIsil/,t} parliclIlar illle,t}rals
Because of the rather extensive algebra involved in developing the expressions of the

three-dimensional particular integrals, it is essential to carefully check the correctness of
these integrals. A simple way of doing so is to develop test eases for comparing plane strain

+ Elemen~ edge
o Mtd-pOln~

Fig. 6. Boundary element model of three-layer cantilever.
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Fig. 7. Convergence studies (If deflection.

analysis with the corresponding three-dimensional analysis where plane strain behavior is
enforced by restricting any movement in the X I -. X!- or x ,-directions. As an cxmplc. the
following material data are assumed pertaining to a fictitious monoclinic material with 13
independent clastic constants:

hll = 1.6. hi! = -0.5. hi, = -0.3. hl(, = 0.1 (45.1 )

h!! = 1.3. h!! = -0.4. h!h = 0.13 (45.2)

h JJ = 1.0. h Jb = 0.16 (45.3)

hH = 1.0. h45 = O. (45.4)

. 800 r-----------------------------.,
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.400
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.200
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.00 15.00 30.00 45.00 60.00 75.00 90.00

, (Degrees)

Fig. 8. Variation of deflection with fiber orientation.
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Fig. <). Mid-span bending strcsscs through cantilcvcr depth.

h" = 2.8.

The angle of indination of the major material axis with the xI-direction == )0

(45.5)

(45.6)

(45.7). (45JIj

The material descrihed ahove is respectively in the form of a unit s4u~lre plate and a unit
cuhe for two- and three-dimensional analysis.

The following temperature distribution is now assullled :

Fig. 10. Unit cube with four quadrilatcral elements per face.

(45.9)
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Table':. Comparison of::!D and 3D analyses using particular
integrals
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Displacement

u,
u:

BEM (20)

0.8713xlO- J

0.::!079 x 10 -.

BEM (0)

0.8715 X 10- 1

0.::!094x 10-"

Table 5. Comparison of::!D and 3D analyses using volume
integralion

Displacemenl BEM(m)

0.698::! x 10- J

0.6488 X 10-J

BEM (3D)

0.6977 x 10- '
0.6490 X 10- 1

The two-dimensional boundary clement mesh consists of two quadratic elements per
side of the unit square plate. For three-dimensional analysis, the boundary element model
consisting of four quadratic elements per face of the unit cube is used, as shown in Fig. 10.
Displal.:ements are compared at the center (0.5, n.S) of the square plate with those at the
center (0.5, 0.5, 0.5) of the cube in Table 4 and excellent agreement is observed.

Comparison hC[\I'('('n {til anisotropic cuhc a/lel a squarc 1'/0[(' hy l'o/lIm(' i/l[cgra[io/l

The unit square plate and the cube desl.:ribed in the previous example arc subjel.:t to a
uniform temperature [i.e. XI = n in eqn (45.9)1 of unity and solved by volume integration
by wnsidering one eight-noded planar cell (with one three-nuded quadratic element per
side) and one 20-noded three-dimensional cell (with one eight-noded quadrilateral element
per face). The results (at the I.:enters of the plate and the cube) of the two- and three
dimensional analyses match extremely well, as apparent from Table 5.

CONCLUSIONS

New boundary element formulations arc introduced for the clastic analysis of two
and three-dimensional anisotropic bodies subjected to thermal body forces. The body
force point-of-view of the temperature gradients is adopted, and volume integration and
partil:ular integral-based approal:hes arc described. Effective particular integrals are pre
sented for a quadratic temperature distribution on plane as well as in three dimensions. A
systematic procedure, extremely useful in the derivation of the arbitrary particular integrals,
has been outlined. For an arbitrary temperature distribution in a sub-domain, either the
method of volume integration or the more efllcient particular integral-based approach may
bl: followed; in the latter case, by litting a qu'ldratic polynomial to the given temperature
distribution via a multi-regression analysis. The formulations presented have been
imph:mented in a general purpose multi-region boundary element code, namely GPBEST,
and validated with examples.

Ack. ""11,,,,,/,,,''''''''1.<-The '1Ulhors would like 10 thank Professor P. K. Banerjee for his valuahle advice and
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